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e Flandoli/Gubinelli/Priola [Inv. Math. 10]: stochastic transport
equation for X : [0,7] x Q — L>®(R%):

d
dX(t) = {b(t,") - VX(@)}dt + > {0, X (1)} 0 dW'(t),

i=1

be L} (([0,T] x R4 RY) with V-b € L ([0,T] x RY),

Hloc loc
{W"(t)} are independent 1D Brownian motions.

A number of nonlinear SPDEs with transport (i.e. first order differential)
noise have been intensively investigated:

e Burgers: Alonson-Ordn/de Leén/Takao [NoDEA’19]

e 2D Euler: Flandoli/Luo [AOP’20], Lang/Crisan [SPDE-AC’22];
3D Euler: Crisan/Flandoli/Holm [JNS’19].

e 3D Navier-Stokes: Flandoli/Luo [PTRF’21],
e Hunter-Saxton: Holden/Karlsen/Pang [JDE’21].

e General equation in Hilbert space:
Flandoli/Galeati/Luo [CPDE’21];
Alonso-Orén/Rohde/Tang [JNS’21]...



A General The transport noise is given by first order derivatives (i.e. vector
Framework 3 e
for Solving fields), and hence has 1-order singularity;

Singular it maps from H*(= W*?) to H*~! for any s > 0.
We intend to consider noise with arbitrary order singularity.

Feng-Yu
Wang

Let K¢ = R? or T¢ := R%/Z¢, and let s > 0,d,m € N.
L8l We aim to study SPDEs on H := I1H*(K¢;R™) driven by

i{H.AkX(t)} o dWi(t) + h(t, X (t))dW (t),
tion le=il

singular noise + regular noise

e II is a projection (Leray projection for NS/Euler equations,
zero-average operator for functions on ']I‘d, identity operator);

{Aj} are pseudo-dimensional operators;

{Wy(t)} are independent 1-D Brownian motions, W (t) is a
cylindrical Brownian motion on H independent of {Wy(¢)};

h(t, X:) takes value as Hilbert-Schmidt operators in the state
space H.
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Let H — M be two separable Hilbert spaces with continuous and
dense embedding, let

W(t) = Z Wi (t) ex

E>1

be cylindrical Brownian motion on a separable Hilbert space U
with ONB {e }r>1, where {Wj,(¢)} are independent 1-D Brownian
motions. Consider the following equation on H:

(E1) dX (t) = g(t, X(t))dt + h(t, X (t))dW(¢),

e ¢g:[0,7] x H — M, (singular)
o h:[0,7] x H— Lo(U;M). (singular)
L5(U;M): the space of Hilbert-Schmidt operators form U to M.



We call (X, 7) a maximal solution to (E1), if
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@ [0,7) >t X(t) € His adapted and weakly continuous,
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Wang
Q@ P-as.
Introduction Sup ||)((S)||]HI < OO, t € [077-)’
2. A general s€(0.t]
framework
of proper limsup || X (¢)||m = o0 on {7 < o0},
regulariza- T

tion

and the following equation holds on M (NOT H):
t
X() =X+ [ gls, X(5)ds
0

+/%wX@wwmteﬂﬁ
0

The solution is called non-explosive, if P(7 = o0) = 1.




{(gn, hn)}n>1 is called a proper regularization of (g, h), if

A General

25?511}}5; gn i [0,00) x H— H, hy,:[0,00) x H— Lo(U;H), n>1
SR are measurable such that the following conditions hold for some
e increasing K : [0,00) x [0,00) — [0,00) and a dense My C M:

- (1) For any t > 0 and X € H,

2. A genera sup { llgn(t, )l + Ion(t, X)ll e, o }

framework n>1

of proper -
L < K@ [1X ) (X4 11X w),

tion

i {llgn(t, X)=g(t, X) et 1n (8, X)=h(t, )|y } = 0.

(2) For any n, N > 1,

sup {ugn(t, 0) st + [ (1. )| ca 20
XAY ;56| X g, | Y [[a <N
n(t, X) — gn(t,Y ha(t, X) — ha(t,Y .
906 X) = 906, Yl & (s, X) — B >||L2<U,H>}<OO
X — e




S (3) For any Y € My, T > 0 and {X,,, X}n,>1 C By([0,T];H) N

Framework
Pl C([0, T]; M) with X,, — X in C([0,7T]; M) as n — oo,
SPDEs T
N [ (eeso o,
Introduction + Z <{hn (t, Xn(t)) - h(t, X(t))}ek, Y>M}dt S 0.
2. A general k>1
framework
(?f proper
iii?lmza_ (4) (cancellation of singularities) For any ¢ > 0 and X € H,
up > (h(t, X)ews X < (61X he) 1+ X1,
k 1

sup {2 (ga(t, X), X)gg + 1ot X)I2, 020 }

n>1

< K(t, ”X”M)(l + ”X||H2)7 Y € M.
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(A) (g,h) has a proper regularization {(gn,hn)}n>1 satisfying the
(asymptotic quasi monotonicity) condition:

There exist increasing function K : [0, 00) x [0,00) — (0, c0),
and a function X : N x N — [0, 00) with llim Ang =0,
n,l—oco

such that for any X #Y € H,
({hn(t, X) — hi(t, X)}er, X — Y)u®

max )
{ 2. IX =Yl

k>1

2 (gn(t, X) — @it Y), X — ¥y + [[hn(t, X) — hu(t, Y)H%Z(U;M)}

S K@ NXla+ 1Y l8) Ang + 1X = Yig), nl>1,¢>0.

Note:
@ For \;; =0 and constant K, the condition becomes
monotonicity in M.
@ Since |||l S || - ||z, even for A, ; = 0, this condition is weaker than

local monotonicity in M.
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This assumption implies the existence and uniqueness of maximal solu-
tion. For the continuity in H, we assume

(B) There exists {T, }n>1 C L(M;H) (space of bounded linear opera-
tors form M to H), such that

lim ||[7,X — X|lu =0, X €H,
n—oo
and for allt >0, N > 1,

am {2 (Tag(t, X), TaX g + [Tt )]s oy
n>L|| X ||[g<N

i (Tnhi(t, X)ei,TnXﬁH} < K(t,N).

=1

Note: This condition implies the continuity of ¢ — || X (¢)||m, which to-
gether with the weak continuity of X (¢) in H, implies the strong conti-

nuity.
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Finally, to prove the non-explosion, we assume the following Lyapunov
type condition. When V" < 0, a fast enough growth of the noise coeffi-
cient will kill the growth of other terms, such that the non-explosion is

ensured.
(C) There exists a function 1 < V € C?([0,00)) satisfying

V'(r) >0, V'(r) <0, li)m V(r) = oo,

such that for some function 0 < F € L},.([0,00)) and for all
(t, X) € [0,00) x H,

’<||X||§4[>{2<b<t, X) + g(t, X), X),, + 1At )llZs e}

+2V"(||X||M)Z (t, X)ex, X < FE)V (X [17)-

k=1

Note: This condition comes from Itd’s formula for V(|| X (¢)||%) of the
solution. Although the solution takes values in H, the proper regulariza-
tion allows to prove non-explosion using the smaller norm || - ||a.
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Wang Assume (A) and let X(0) be an Fo-measurable H-valued random

variable.
Introduction
2. A general (1) (E1) has a unique mazimal solution (X, T), and the solution
e satisfies P-a.s.
of proper
regulariza-
Hon lim sup || X (¢)||m = 00 on {1 < c0}.
trT

(stronger than definition: || - ||m < || - |lw)

(2) If (B) holds, then the solution is continuous in H.

(3) If (C) holds, then the solution is non-explosive.
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We first introduce pseudo-differential operators on R?. Those on
T can be defined correspondingly but with & € Z? rather than R?

for the Fourier transform. Denote
d

d
lalx :=Zak, 0% = H@,‘:’“, a= (a1, ,0q) € ZL.
k=1 k=1

When different variables x,¢ € RY appear, we use 9% and ag to
denote 0% in z and £ respectively. For any s € R, we define two

classes of s-order symbols
S° = {p € C*° (R4 x R%C) -
o e s 12O
T era (L [€])e TR
Sy = {p € S°R xRY) : p(z,€) = p(€)}.
A set D C S* is called bounded, if

d
0, a,BEZ+},

aps <00, a,B€ZL.

sup [p
©0€eD



A General For any p € S*, the pseudo-differential operator OP(p) with sym-

S bol p s defined as

for Solving
Singular

: OP)fI(@) = [ ol R0, o R,
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F(&) = (2m)? Rdf(x)e—2”i(w-£>dx, i:=+/—1.

Introduction
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i’}a;’:i";zik In the following we only consider real-valued operators, i.e.,
regulariza- [OP(p)f] is real if so is f; equivalently,

(©)  plz,~€) = p(=,€) = Re[p(z, &) ~Imlp(z,£)] i, =, € K"
Let

OPS*® :={OP(p) : p € S° satisfying (C)},

OPS§ :={OP(p) : p € S§ satisfying (C)}.

A set of pseudo-differential operators are called bounded, if so is
the set of their symbols.




A General Recall that K =R or T. Let d,m € N and s > 0. We will consider
RO SPDEs on the Hilbert space

for Solving

Singular
H := IH*(K% R™),
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Wang for a symmetric projection operator I satisfying certain conditions.

Typical examples of IT include

Q II = I: the identity operator;

Introduction

2. A general

i’}aﬁiivﬁiik @ II =1II,: the Leray projection for m = d:
regulariza-
I H* (K% RY) = Hy, (KL RY)

={X e H*(K4RY): V-X =0}, s> 0,

where V- X = Ezzl Ok X, is the divergence of X = (Xj)1<k<d
defined in the weak sense;

@ II =IIy: the zero-average projection on T¢:

Iy f := f—/Td f(z)dx.




S Consider the following stochastic equation on H:

Framework
for Solving

S (B2)  dX(t) = g(X(1))dt

Feng-Yu = _ ~
Wang +> [{HAkX o AWi(t) + R (t, X (£)) AWy (t)] :
Introduction k=1
2 b e {Wy, Wi, }x>1 are a family of independent 1-D Brownian motions,
of proper
i he(t, ) H—H, k>1,t>0

are locally Lipschitz continuous, (b, g) comes from deterministic
nonlinear PDEs, and

A X = (aka ]X +a’kaa] )1<J<m’
k>1, X =(Xj)igj<m €H

for some constants {ay,ar} C R, pseudo-differential operators
{Qk,j} COPSy and {Qy,;} C OPS™ for some r > 1o € [0,1].




G enerat (D) Let A* be the L2?-adjoint of a densely defined linear operator

Framework
for Solving A in L2.
Singular
SRR (1) {ag,ar} C R are constants such that ara, =0 and
Feng-Yu
Wang E (ai 4k &i) < 0o0.
Introduction k:Zl
2. A general =
L (2) {9k} C OPSj is bounded, {Qy ;} C OPS™ is bounded, and
regulariza- there exist a class of bounded zero-order operators
. ~
- {n,j,n,j}k,j C OPSY such that

9k =Trki — Qnjs Py = Thj — Diy-

Note:
@ aidr = 0 avoids possible higher order operators [Qy,i, Orj] ==
Qi Ok,j — Ok, Ok,: in the quadratic variation.
© As extensions to the anti-symmetric operators {0; } in the transport
noise, {Qk,;, Ok, } are anti-symmetric up to zero-order operators.
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(E) Let H = IIH*(K%R™) and M = IH"(K% R™) for some s >

for Solving

Singula 9. g
SPDEs 2r and k € [0,s — 2r), where r > r¢ is in (D).
Feng-Yu There exists an increasing function
Wang
Introduction K : [07 OO) X [07 OO) — [07 OO)
2. A 1
Framowork such that for any t > 0, X,Y € H,

of proper

regulariza- ~

tion D (s Xl < K 11X () (1 + X1,
k>1

DMt X) = (& V) < K 1 X e + 1Y 1)1 X = Yl
k=1

o0

1w (8, X) = hae(8, Y) g < K (& 1X Nl + 1Y ) 1X = Y-
k=1
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Theorem (2)
Assume (D) and (B). If for J, = en®,
gn(X) 1= Jng(JnX), n>1

s a proper regularization of g, then:

(1) For any Fo-measurable X (0) in H, the equation (E2) has a unique
mazimal solution, and limsup,, || X (t)|[m = oo on {1 < co}.

(2) The solution is continuous in H, if there exists an increasing func-
tion K : [0,00) — [0,00) such that

sup [(Jng(X), JnX)u| < K(I|IX|ls), X €H.

n>1
It is non-explosive, if there exists 0 < F € Lj,.([0,00)) such that

7 2(hy (£,X),X) 3 n
206(t, X) + 9(X), Xye + T (a2, X) [ — 2 eigertne )

(e + [|X[I3<) log(e + [ X[17x)




A General From now on, we assume that the noise coefficients satisfy (D) and

R (E) for H,M given in each specific model.
DB . .
o Magnetohydrodynamics equation (MHD) : let
eng-Yu
Wang
d>2, m=2d, aq, as € [0,1], p1, 2 >0,
Introduction
e Let I = (I, I1,), where IIj, is the Leray projection, such that
framework
S H := IIH* (K% R*) = H§, (RLRY) x Ho (RGRY),

regulariza-
tion

and for X := (X1, X>) € H, we define

A(X) = (p (D)1 Xy, pa(—A)2Xs),
B(X) = I((Xz - V) Xz — (X1 - V) X1, (X2~ V) X1 — (X1 - V)Xa).

The (MHD) equation reads

CX(1) = g™ (X (1) = BIX () - AX (1)
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SIPIDIas When X5 = 0 and a; = 1, this equation reduces to the Navier-

s i Stokes (p1 > 0) equation

ang
_ d
Introduction a)(1 (t) =S ,U'lAXl (t) — HL{Xl (t) 5 V}Xl(t>’
2. A general
framework
of proper and the Euler (1 = 0) equation
regulariza-
tiogn d
SXi(t) =~ X, () - VIXa(t), £20,

Let
o +
ap =1+ max (20;; — 1) 1gp, 503
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Theorem (MHD)

For any fized s > 1+ % +[aoV (2r)], 1+ & <k <s—[ag V (21)],
let

H:= Hgiv(Kd;Rd) X Hgiv(Kd;Rd))
M := Hgiv(Kd;Rd) X Hgiv(Kd;Rd))
g= gmhd
Then for any Fo-measurable X (0) in H, (E2) has a unique maxi-

mal solution, which is continuous in H and

lim | X (¢)|lm = o0 on {7 < oo}
tT

It is mon-explosive if locally uniformly in t > 0,

<’~lk(t7X)aX>1%/ﬂ> < —1.

hi (6, X) —_—
g, 2 (1A 0 - 2

lim
1 I —o0 ”XHM =




- Korteweg-De Vries (KdV):d=m =1, K=R, I =1 and
for Solving
Singular g(X) — gkdv(X) = —XaX — 33X,

SPDEs

Feng-Yu
Wang

where 0 := di on R.
xT

Theorem (KdV)
. A general
framen Let HH = H*(R;R),M = H"(R;R) for any fized s,k such that

Introduction

framework
of proper
regulariza-

ion 3 3
t s>§—|—[3\/(2r)], §<Ii<8—[3\/(27‘)].

Then all assertions in Theorem (MHD) hold for SPDE (E2) with

g= gkdv.

Burgers: ¢"9(X) = —X0X +vd*X, v >0.
The assertions hold for 2 V (2r) replacing 3 V (27).
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Camassa-Holms (CH): d=m =1, K=R, I =1 and

9(X) = ¢ (X) := —X0X — 8(I — A)~ (ZCZXZ+C|3X| )

=l

where {c, ¢; }1<i<4 are constants.

Theorem (CH)
Let H = H*(R; R),M = H*(R;

for some

R)
g<f$<s—[1\/(2r)].

s>2+[1\/(27")]

Then all assertions in Theorem (MHD) hold for SPDE (E2),
except that the non-explosion condition is strengthened as

<Bk(t7X)7X>1%/JI> < —1.

hi(t, X) _
ol T 2 (1t 0~ 2
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o foii:lg‘ Aggregation-diffusion (AD): d >2,m=1,11=1

ingular d e 2 2 o
o Let K € S(K%) (rapidly decreasing interaction kernel) such that

Feng- Yo B:=V{#+} € OPS™},
Introduction Where {:%/*}f de (y)dy'
2. A general
ot o The Aggregation-diffusion equation reads
regulariza-
tion d d
X (@) = g™ (X)),

dt
g (X) = —V(—A)B -1V - (XBX),

where § € [0,1],¥ > 0 and 0 # v € R are constants. Let

Bo =14+ (28—-1)"1g50-
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regulariza-

- Then all assertions in Theorem (MHD) hold for SPDE (E2) with

g=9g".
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(tilom RX = (—82(—A)_§X, (91(—A)_§X)

the SQG equation reads

€ X(t) = (X (1) = TI{(RX(1)) - VX (1)}
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Let H = ITH*(K?;R), M = IIH"*(K?; R) for some
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AN s>1+-+[BoV(@2)), 1+5<kw<s—[BoV(2r)].

o pllopgr 2 2

regulariza-

o Then all assertions in Theorem (MHD) hold for SPDE (E2) with

9=29g".
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